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ABSTRACT 

We prove that if K is a compact subset of an affine variety = P n — D 
(where D is a projective hypersurface) and if K is contained in a closed 
analytic subvariety V C O, then the projective hull K has the property 
that K fl O C V. If V is smooth and 1-dimensional, then K D fl is also 
closed in O. The result has applications to graphs in C 2 of functions in 
the disk algebra. 



Let X be a compact set in C n . In [1], R. Harvey and the first author introduce a 
generalization of the polynomial hull of X , which they call the projective hull of X in C n , 
and denote by X. For d = 1,2, ... let Va denote the space of all polynomials on C n of 
degree < d. Then by definition a point z lies in X if there exists a constant C > 1 such 
that for all d and for all P G V d with sup^ \P\ < 1, we have 

\P{z)\ < C d . 

Fix a point a = (ai, o„) G C 71 — X. For d = 1, 2, ... set 

A d (a) = sup{|P(a)| :PeV d with ||P|| X < 1} 

Note that a lies in the complement of X if and only if for each M > 1 there exist arbitrarily 
large d with Ad(a) > M d . 

We call a set X non-algebraic if every polynomial vanishing on X is identically zero. 
We restrict our attention to such non-algebraic sets. We^ study the function Ad and, in 
Theorem 2 below, give a result on the complement of X in certain cases, generalizing 
Theorem 9.2 in [1]. 

Theorem 1. Let X be as above. Fix M > 1. Fix d and let X d = A d (0). Then X d > M d if 
and only if there exist polynomials A\, A n on C n such that Ci^-i(C) + ' ' •+Cn-^n(C) e P~d 
with \1-J2k CkA k \ < jjj on X. 

We use the following Banach distance formula. 

Lemma 1. Let W be a normed linear space, dim(VV) = N, and let V be a subspace of W 
with dim(V) = N — 1. Fix x G W — V. Let L be tie linear functional on W with L = 
on V and L(x) = 1. Let 5 = dist(x, V) Then 

w - \ 



'Partially supported by the N.S.F. 
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Note . See the Appendix for a proof. 

Proof of Theorem 1. Let W = V d . For P G V d put ||P|| = sup x |P|. Note that ||P|| = 
only when P = by the hypothesis that X is non-algebraic. 

A basis for W is the set of monomials ( a = C" 1 ^ 2 ' ' ' Cn™ with \a\ = ol\ + ■ ■ - + a n < d. 
Let V be the subspace of W spanned by {C a : |a| > 0}. Let x denote the constant 
polynomial 1. Define L to be the linear functional L : W — > C given by L(P) = P(0). 
Then A d = ||L|| in the dual space of W. Put 5 = the distance from 1 to V, so 



inf 



0<\ct\< d 



By Lemma 1, X d > M d if and only if ||L|| > M d if and only if I > M d if and only if 



5 < -jtti if and only if 



— M" 



< 



for polynomials A] 



fc=i 

A n G Vd-i- We are done 



on X 



Theorem 2. Let E be a closed complex analytic subvariety of C n . Let K be a compact 
set contained in E. Then KcE. 

Note 1. In the case that E C C 2 is the graph of an entire function / on C, with / not a 
polynomial, the result that KcE implies K C E is proved in Theorem 9.2 in [1]. 

Proof of Theorem 2. Fix a = (ai, a n ) G C n — E. By definition Ad(a) = sup |P(a)| 
taken over all P EVd with < 1. We make the following 

Claim: Fix M > 1. Then A d (a) > M d for all large d. 

Proof of Claim: 

Case 1: a = so A^(a) = A d . Then G C n — E. It is known that we may choose a 
function Hi, holomorphic on C n with Hi = on E and -Hi(O) = 1. (See, for example, [2 
Ch. VIII.A, Thm. 18].) Put H = 1 - #i. Then H is holomorphic on C n with H = 1 on 
E and #(0) = 0. Now if has a power series expansion 



convergent on C n . Fix P > 0. There exists a constant (7r such that 

C R 



C Q < 



P> 



for all a 



Fix d. Put P d (C) = E|a|<d c aC a and put £ d {C) = E| a |>d c «C 
Then H = P d + £ d on C n . In particular, 1 = P d + £ d on so 

|l-Pd| < \£ d \ on 



Note that P d (0) = 0. 

(1) 
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Fix #0 so that K C {C : |Cfc| < Ro for 1 < k < n}. Choose (6^. Then 

M0\ < E Min ^ E 1^1^' 

\a\>d \a\>d 

Fix R such that ^ < ^j. Since |c Q | < -^jgy, we have 

E M* 1 £ c>« E (f 

|a|>d |a|>d 

Put t = ^. Then 



OO 



E = E E fH = E rt-^V <- m forl ^ e 



\a\>d k=d+l \a\=k k=d+l 

Hence, 

(M/2) 



1^(01 < ^ < 7^ for 1-ge d. (2) 



From (1) and Theorem 1 we now get 

Ad > ( — ) for large d 



Since M was arbitrary, the claim is proved Case 1. 

Case 2: a G C n — E. Let x : C n -> C n be the translation x(C) = C - a. Then x(a) = 
and x takes the space Vd isomorphically onto itself. Put K' = x(-ftT) and E' = x(S). Since 
a £ E, E' and so by Case 1 there exists P' G V d with \\P'\\ K > < 1, |1 - P'\ < ^ on 
K' and -P'(O) = 0. 

By Case 1, > M d for large d, so there exists a polynomial Q' in P d with ||<5'||k' < 1 
and |Q'(0)| > M d . Now put Q = Q' o x . Then Q G 7> d , |Q(a)| > M d and ||Q|| K < 1. so 
A d (a) > M d . Case 2 is done and so the claim holds. 

If a G C n — E, then a does not belong to K. Soif C E. We are done. ■ 

COROLLARY 1. Let V be a closed complex submanifold of dimension one in C n and K G V 
a compact subset. Then K is a closed subset of C n . 

Note . It is not true in general that K compact in C n implies that K is closed in C n . 

Proof of Corollary 1. In the notation of [1], if K is a compact set in C n , Sk is the 
family of functions (p = ^log|P|, P G Vd, \P\ < 1 on K. We define the extremal function 

Ak-(x) = sup <p(x). 



Then for x G C n , A K {x) < oo x E K. That is, K n C n = {x G C n : A K (x) < oo}. 

Since = oo in C n — V, we conclude from Theorem 7.3 in [1] that in every connected 
component of Vk either = oo or A^ is a locally bounded harmonic function. 

Suppose now that {x v } is a sequence of points in K converging to a point x. Then 
x £ V. We must show that x E K. 

We may assume that x £ K, so x lies in some connected component O of V — K For 
large v, x u E O. Since Ak(x u ) < oo, we have by Theorem 7.3 of [1] quoted above, that 
Ak is locally bounded on O. In particular, Lk(x) is finite, and so x G K. m 

Note 2. The projective hull, as introduced in [1], is a subset K C P n associated to any 
compact set K C P n . In an affine chart C n = P n — P n_1 , the set K ft C n agrees with the 
definition given above. In what follows K will refer to this full projective hull. 

COROLLARY 2. Let D C P n be a complex hypersurface in complex projective space, and 
suppose E C P n — D is a closed subvariety of the complement. If K is a compact subset of 
E, then K n (P n -D) C S. Moreover, if E is smooth of dimension one, then K n (P n - D) 
is closed in P n — D. 

Proof. The divisor D can be realized as a hyperplane section D = v(P n ) fl P^ -1 under a 

Veronese embedding v : P n — > P^. By Proposition 3.2 in [1] we know that = u (-fC). 

We now apply Theorem 2 to v(K) C u(E) cC I = P A ' - P^" 1 , and the first statement 

follows. If E is a smooth curve, then v(K) is closed in by Corollary 1. Hence, 

v'^viK)) = v'^viK)) = K is closed in P n — D. m 

Corollary 3. Let KcEc P n -L> be as in Corollary 2. Suppose Kn(P n -D) ccP n -D. 
Then K n D = 0. 

Proof. Suppose there exists a point x E K DD. Then by Theorem 11.1 in [1], there exists 
a positive current T of bidimension (1,1) with 

suppT C K~ and dd c T = fi - 5 X (3) 

where \x is a probability measure on if and if - denotes the closure of K. Let [/,7cP n 
be disjoint open subsets with K fl (P n — D) G U and D G V. Then by our hypothesis and 
the first part of (3), we have T = xjjT + XvT . We conclude from the second part of (3) 
that dd c (xuT) = [i and dd c (xvT) = —S x , both of which are impossible since (dS, 1) = 
for any current S of dimension 2n — 1. ■ 

COROLLARY 4. Suppose K = 7 is a disjoint union of real closed curves contained in a 
smooth complex analytic (non-algebraic) curve E C P n — D with D as above. Suppose 
that E — 7 has only one unbounded component. Then 7 — 7 is exactly the union of the 
bounded components of E — 7. 

Proof. By Corollary 2, 7IH (P n -D)cE. As seen in the proof of Corollary 1, if one point 
x E E — 7 belongs to 7, then the entire connected component of x in E — 7 belongs to 7. 
By [1, Cor. 3.4] every bounded component of E — 7 lies in 7. By Sadullaev's Theorem 
(cf. [1, §7]), if the unbounded component of E — 7 lies in 7, then E is algebraic. Thus 
7 fl (P n — D) is exactly the union of the bounded components of E — 7. We now apply 
Corollary 3. ■ 
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Note 3. We can find applications of Corollary 4 by considering graphs of certain functions 
in the disk algebra. 

Let r be the unit circle in the ^-plane and let A(T) = {</?| r : <p is analytic in |£| < 1 
and continuous in |£| < 1}. Let K denote the graph of <p over T, so 

K = {(C,^(C)):Cer} c C 2 . 

In the following examples the projective hull of K in P 2 is K = {(£, <p(C)) '■ |C| ^ !}• 

(1) Let <p(Q = log(C - 2). Then K = {(C,log(C - 2)) : ( e T}, so K is contained in the 
closed complex submanifold E = {(£,«;) : e w = C — 2} of C 2 . 

(2) Let v?(C) = V 7 ^ + 5 C + 20 and E = {(£ w) : w 2 = e 2C + 5C + 20}. The graph K of 

over T is contained in E 

(3) Let (p(C) be the restriction to T of a meromorphic function F defined on all of C 
whose poles lies outside the unit disk. Write F = Ei/E 2 where E\ and E 2 are entire 
functions without common zeros. Then E = {((,«;) : E 2 (C)w = -^i(C)} (the graph of 
F) is a closed submanifold of C 2 which contains K 

(4) Let 

oo 

l/=l ^ a ^ 

where |cj,| < oo, each \a v \ > 1, and lim^^oo a v = a with \a\ > 1. Then X is 
contained in E = {(£, y?(C)) : C 7^ a or a v for any z/}, which is a closed submanifold of 
C 2 - {C = a} = P 2 - - {C = a}. 



Appendix: Proof of the Banach Distance Formula. 

Fix / G V. Then L(x - /) = L(x) = 1. Hence, 1 = \L(x - f)\ < \\L\\ ■ \\x - f\\. Hence, 
1 < ||L|| • 5, so ||L|| > \. 

Next, fix g G W, g = f + tx for t G C — {0}, / G V. We have L(#) = t. Now 
# = t(x + {), so ||#|| = |t| ||x + ||| > \t\ ■ 5, since -| G V. So |L(#)| = |t| < Thus, 
||L|| < i, and therefore ||L|| = 4. ■ 
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